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ABSTRACT Experiments of intrusive gravity currents generated by lock exchange offer insights into atmospher-
ic and oceanic flows. However, whereas many previous investigations have considered the ‘full-depth’ lock
exchange problem, in which the intermediate density fluid initially spans the entire channel depth, less is known
about ‘partial-depth’ releases, which represent a more appropriate analogue to environmental flows where the
inceptive, localized interfacial mixing is relatively weak and/or the upper and lower ambient layers are of signif-
icant vertical expanse. Here, we consider this circumstance using a combination of experimental, (two-dimen-
sional) numerical and analytical techniques with a particular focus on equilibrium flow for which there is no
auxiliary concentration or dilution of the active scalar, and the interface ahead of the intrusion remains approx-
imately horizontal. In this case, the initial (steady) speed of propagation, U, can be well-predicted by adapting a
shallow-water model for gravity currents that employs as its front condition the relationship of Benjamin (1968).
When, in the initial state, the upper and lower halves of the density field are (stretched) mirror images of one
another, the front travels at constant speed beyond 10 lock lengths, as was noted in the case of full-depth lock
releases by Sutherland et al. (2004) and Sutherland and Nault (2007). However, when this symmetry is broken
either by altering the relative depth of either ambient layer or by changing the intrusion density, the flow begins
to decelerate after travelling as few as three lock lengths.

RÉSUMÉ [Traduit par la rédaction] Les expériences de courants de gravité inclusifs générés lors d’un échange
à une écluse aident à comprendre les écoulements atmosphériques et océaniques. Cependant, alors que plusieurs
études précédentes ont porté sur le problème de l’échange à une écluse « sur toute l’épaisseur », dans lequel le
fluide de densité intermédiaire occupe initialement toute l’épaisseur du canal, on en sait moins sur les 
« libérations sur une épaisseur partielle », qui offrent une analogie plus appropriée avec les écoulements
environnementaux dans lesquels le mélange interfacial localisé initial est relativement faible et/ou les couches
ambiantes inférieure et supérieure ont une extension verticale considérable. Ici, nous étudions cet aspect de la
question en nous servant d’une combinaison de techniques expérimentales numériques et analytiques
(bidimensionnelles), en portant une attention particulière à un écoulement d’équilibre pour lequel il n’y a pas de
concentration ou de dilution auxiliaire du scalaire actif et l’interface en avant de l’intrusion demeure
approximativement horizontale. Dans ce cas, on peut prévoir adéquatement la vitesse de propagation initiale
(constante), U, en adaptant un modèle d’eau peu profonde pour les courants de gravité qui emploie comme
conditions à son front la relation de Benjamin (1968). Lorsque, dans l’état initial, les moitiés supérieure et
inférieure du champ de densité sont symétriques (étirées) l’une par rapport à l’autre, le front se déplace à vitesse
constante sur plus de 10 fois la longueur de l’écluse, comme cela a été observé par Sutherland et coll. (2004) et
Sutherland et Nault (2007) dans le cas d’une libération sur toute l’épaisseur. Cependant, quand cette symétrie est
rompue soit en modifiant l’épaisseur relative de l’une ou l’autre des couches ambiantes soit en changeant la
densité de l’intrusion, l’écoulement commence à décélérer après n’avoir progressé que d’aussi peu que trois fois
la longueur de l’écluse.
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1 Introduction
A Boussinesq gravity current is defined as a horizontal flow,
driven by small density differences, that occurs along a no-
slip or stress-free surface. Just as a gravity current is due to a

local concentration or dilution of heat, salt or some other
active scalar, an intrusive gravity current, or intrusion, may
arise from compact mixing across a stable interface, or, in
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continuously stratified environments, mixing over some finite
depth. Because of the preponderance of convection in the nat-
ural environment, intrusions are observed over a range of time
and length scales, as summarized by Simpson (1997).

Of interest to the present discussion are intrusions that
propagate along a sharp interface where the upper and lower
layers are of uniform density. A rectilinear geometry of inter-
mediate characteristic length is selected; surface tension and
Coriolis effects are assumed to be small. Most previous stud-
ies of intrusions have considered the ‘full-depth’ lock-
exchange problem in which the localized mixing is rather
severe and, consequently, the intermediate density fluid ini-
tially spans the entire vertical extent of the channel, H (Faust
and Plate, 1984; Lowe et al., 2002; Mehta et al., 2002;
Sutherland et al., 2004a; Cheong et al., 2006; Flynn and
Linden, 2006). Although these analyses examine a useful lim-
iting case, they ignore a wide category of flows for which the
initial mixing is relatively weak and/or the layers are relative-
ly broad such that the intermediate density fluid occupies only
a fraction of the depth at the initial instant, t = 0.

Figure 1 shows a schematic illustration of a partial-depth
intrusion generated by lock exchange. When t = 0, the fluid is
stationary. A vertical barrier divides the domain such that
there is a two- and three-layer stratification to the right and
left of the lock gate, respectively. Once the gate is removed,
fluid of intermediate density, ρi, accelerates from rest and
forms an intrusion that propagates to the right along the inter-
face between the upper and lower layers of respective densi-
ties ρU and ρL and heights HU and HL. As indicated in Fig. 1b,
corresponding backward-propagating disturbances occur to
the left of the gate. These disturbances take the form of a bore
or long wave and ultimately reflect off the left end wall of the
domain (Rottman and Simpson, 1983). The intrusion speed,
U, is expected to remain constant until these reflected distur-
bances overtake the intrusion front (Rottman and Simpson,
1983; Shin et al., 2004).

As with the related studies of Sutherland et al. (2004a),
Cheong et al. (2006) and Flynn and Linden (2006), our dis-
cussion will distinguish between two types of flow. For equi-
librium intrusions, the intermediate density fluid is generated
by simple mixing of the upper and lower layers without fur-
ther dilution or concentration of the active scalar. As suggest-
ed by Fig. 1a, this mixing is assumed to occur over a vertical
expanse D such that the intrusion fluid is comprised of upper
and lower layer fluid in the ratio DU:DL. In general, these
depths are not equal, i.e., DU ≠ DL. For non-equilibrium intru-
sions, the intermediate density fluid results from localized
mixing across a density interface and further concentration or
dilution of the active scalar. A geophysical example of a non-
equilibrium intrusion is the high-level outflow from a con-
vective thunderstorm whose buoyancy is determined both by
mixing and latent heat effects.

Mathematically, equilibrium and non-equilibrium flow
may be distinguished by defining a non-dimensional density
parameter, ∈, where

(1)

in which D = DU + DL and

are the reduced gravities of the intrusion with respect to the
upper and lower layers, respectively. Equilibrium intrusions
satisfy ∈ = 0. Conversely, non-equilibrium intrusions satisfy
∈ ≠ 0 with ∈ > 0 and ∈ < 0 corresponding, respectively, to
concentration or dilution of the intermediate density fluid.

Alternatively, Cheong et al. (2006) demonstrated that equi-
librium and non-equilibrium flows may be characterized by
the level of the ambient density interface relative to the verti-
cal distribution of the intermediate density fluid. When ∈ = 0,
Eq. (1) indicates that

(2)

where L is defined in Fig. 1a. (It is assumed that ρL < ρi < ρU.
Hence an equilibrium flow must satisfy L < HL < D + L as
shown schematically in Fig. 2a). When  ∈ ≠ 0, HL ≠ H*

L;
Figs 2b and 2c illustrate the extreme non-equilibrium cases
HL = L and HL = D + L, respectively.

Full-depth lock release experiments performed by
Sutherland et al. (2004a) show that the centre of mass of a
non-equilibrium intrusion must rise or fall once the gate is
removed. This gravitational adjustment in turn excites a long
wave that deflects the ambient interface ahead of the intru-
sion. By contrast, when  ∈ = 0, no such interfacial distortion
is apparent. For partial-depth lock releases, it shall be demon-
strated in Section 3 that the situation is more complex:
although non-equilibrium intrusions excite interfacial waves,
so too do equilibrium intrusions when DU/HU ≠ DL/HL.
Fortunately, the resulting waves are of relatively small ampli-
tude and this facilitates making predictions of the initial (con-
stant) front speed using shallow-water theory coupled to a
Benjamin (1968) type front condition. However, as shall be
demonstrated in Section 6, the presence or absence of an
interfacial wave is still significant because it dictates the dura-
tion, if not the specific character, of the constant velocity
regime. A rigorous theoretical examination of non-equilibri-
um flow is, in general, much more difficult because interfa-
cial wave amplitudes may become large so that a modified,
yet mathematically unpleasant, front condition should be used
(Flynn and Linden, 2006). In light of this non-trivial compli-
cation, much of the present study focuses upon equilibrium
flow, which conveniently represents the case of notably
greater geophysical relevance.

The paper is organized as follows: Section 2 describes the
experimental apparatus used to produce flows of the type
illustrated schematically in Fig. 1. Complementary numerical

422 / M. R. Flynn et al.

ATMOSPHERE-OCEAN 46 (4) 2008, 421–432 doi:10.3137/AO926.2008
La Société canadienne de météorologie et d’océanographie 

∈≡
′ − ′

′
g D g D

g D
iU U Li L

LU
,

′ =
−





′ =

−





g g g giU

i U
Li

L iρ ρ
ρ

ρ ρ
ρ0 0

,

H H L DL L
i U

L U
∈=( ) ≡ = +

−
−







0 * ,

ρ ρ
ρ ρ



simulations using a spectral-finite difference algorithm were
also performed and these are described in Section 3. In
Section 4, simulation output is shown to reproduce the quali-
tative and quantitative features of the experimental images.
Theoretical considerations are outlined in Section 5 in which
an estimate for U is obtained. Section 6 presents a compila-
tion of experimental, numerical and analytical results.
Finally, conclusions and topics for further discussion are pre-
sented in Section 7.

2 Experiments
The experimental apparatus and methodology are very simi-
lar to those applied in a number of earlier studies (Faust and
Plate, 1984; Lowe et al., 2002; Mehta et al., 2002; Sutherland
et al., 2004a; Cheong et al., 2006; Ermanyuk and Gavrilov,
2007). Only the essential features will be summarized here. 

Experiments were conducted in a tank of size 183 cm ×
30 cm × 23 cm. A vertical barrier was placed 62 cm from the
left end wall. To achieve the two- and three-layer stratifica-
tions shown schematically in Fig. 1a, the lock and ambient
sides were independently filled with salt/fresh water to a total
depth of H = 20 cm. Food colouring was added to the inter-

mediate density fluid for the purposes of visualization. By
employing sponge floats during the filling process, interfacial
mixing was minimized so that 0.5 cm <~ δt

<~ 1 cm, where δt is
a representative interfacial thickness. Given the vertical scale
of the experiments, the direct dynamical impact of interfacial
effects could therefore be neglected (Faust and Plate, 1984;
Ooi et al., 2007). However, interfacial mixing and diffusion
led to small uncertainties in the measured layer depths.

As summarized in further detail in Section 6, experiments
applied different combinations of the vertical lengths D, L,
HU and HL. In a typical experiment, ρL –~ 1.050 g cm–3, 
ρU = 0.998 g cm–3 and ρL < ρi < ρU. Consequently, we found
that Re >~ 2 × 104, where the Reynolds number, Re, is defined
by

(13)

in which  v = 0.01 cm s–2 is the kinematic viscosity and
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is the reduced gravity between the upper and lower layers
where ρ0 = 1 g cm–3 is a characteristic reference density.

Each experiment began by removing the lock gate vertical-
ly. After a very brief acceleration phase, the intermediate den-
sity fluid formed an intrusion that propagated at constant
speed (Fig. 6; Section 4). Digital photographs of the dyed
fluid were recorded using a charge-coupled device (CCD)
camera and subsequently analyzed using the image process-
ing software Digiflow (http://www.damtp.cam.ac.uk/lab/
digiflow). Horizontal time-series images were constructed in
the manner of Mehta et al. (2002) from which the front veloc-
ity, U, was estimated.

3 Numerical simulations
To verify that the aforementioned uncertainties in the layer
depths did not significantly impact the quality of the experi-
mental data, a series of complementary two-dimensional
numerical simulations were also conducted. Although these
simulations do not provide information on the irregular front
topology associated with span-wise flow instabilities (see, for
example, the photographs presented in Simpson (1997) and
Neufeld (2002)), it has been observed by Härtel et al. (1997),
Härtel et al. (2000) and others that the speed of propagation
during the constant velocity phase of motion is not signifi-
cantly affected by these features. Because the propagation
speed is the variable of foremost interest in the present study,
this suggests that a two-dimensional algorithm is sufficient
for the present purposes.

For a Boussinesq fluid of uniform viscosity, v, the govern-
ing equations are given by (Kundu, 1990)

∇∇ · u = 0, (4)

(5)

(6)

(7)

where u = (u, w) is the velocity, P is the hydrostatically
adjusted pressure, Sc = v/κρ is the Schmidt number where κρ
is the mass diffusivity of salt water and D(·)/Dt denotes a
material derivative. Furthermore, ρ(x, z, t) = ρ̄(z, t) + ρ′(x, z,
t) is the fluid density in which  ρ̄ and ρ′ represent, respective-
ly, the background and perturbation components. For the sim-
ulations reported here, v = 0.01 cm2 s–1 and Sc = 1. Although
the latter choice significantly overestimates the diffusivity of
salt water, this selection is necessary for the purposes of
numerical stability (Maxworthy et al., 2002; Ungarish and
Huppert, 2002). As noted by Sutherland et al. (2004b), at high
Reynolds numbers the magnitude of Sc does not substantial-

ly alter the dynamical behaviour of the flow except insofar as
it causes the interface ahead of the intrusion to broaden more
rapidly than is observed in the laboratory. This results in a
slow deceleration of the intrusion, evident only at later times
and seperable from other dynamical effects (Faust and Plate,
1984). Furthermore, depending on the initial conditions, the
gradual thickening of the interface may ultimately make it
difficult to distinguish intrusion from ambient fluid clearly.
For the results presented below, only the numerical data
which are free of this ambiguity are considered.

The dimensional, primitive variable equations (Eqs (4) to
(7)) are solved with no-slip boundary conditions using the
open-source direct numerical simulation (DNS) algorithm
Diablo (http://numerical-renaissance.com/Numerical_Renais-
sance.html; Taylor and Sarkar, 2007; Bolster et al., 2007).
Consistent with previous analyses found in Sutherland et al.
(2004b) for example, a computational domain of size 2l × H
is selected where l denotes the horizontal extent of the control
volume shown in Fig. 1. Therefore, by specifying a condition
of reflection symmetry about the mid-plane (x = 0) in the ini-
tial condition, a Fourier decomposition of the flow variables
u, ρ and P may be applied in the horizontal direction (Canuto
et al., 1988)1. Conversely, in the vertical direction, ρ and
∂u/∂z do not satisfy periodic boundary conditions. Thus,
derivatives with respect to z are evaluated using second-order,
centred finite-differences.

A combination of a third-order, low-storage Runge-Kutta-
Wray (RKW3) scheme and a Crank-Nicholson (CN) scheme
is used to advance the flow in time with ∆t = 0.001 – 0.005 s
corresponding to a representative Courant number of order
0.1 (Bewley, 1999; Bewley et al., 2001; Sutherland et al.,
2004b). Diffusive terms in the vertical direction are treated
implicitly; all other terms are treated explicitly. Moreover,
uniform non-staggered and staggered grids are selected,
respectively, in the horizontal and vertical directions. Typical
grid spacings in these directions are ∆x = 0.29 cm and
∆z = 0.16 cm, respectively. Grid refinement tests confirmed
the independence of the intrusion’s speed of propagation to
∆x and ∆z.

Three types of numerical simulations are performed.
Validation tests are conducted for comparison with laborato-
ry experiments (Section 4). Investigative simulations are run
for equilibrium and non-equilibrium intrusions (Section 6).
The flow is, in each case, resolved over a numerical domain
of size

where the intermediate density fluid initially spans
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1Alternatively, a computational domain of size l × H without the reflection
symmetry can be employed through judicious selection of the Fourier basis
functions. See Härtel et al. (2000) for details.
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Here z = 0 is the level of the ambient interface and Λ is the
lock length. Characteristic values for l and Λ are provided in
Table 1, which also shows the time interval of integration, τ ,
and the number of grid points used in the horizontal (Nx) and
vertical (Nz) directions.

As with the analogue laboratory experiments of Section 2,
the flow is stationary at t = 0. Furthermore, because a Fourier
decomposition is applied in the horizontal direction, the ver-
tical interfaces that define the lateral boundaries of the lock
are smoothed using a hyperbolic tangent profile. Layer densi-
ties are chosen such that Re >~ 1 × 104, where the Reynolds
number, Re, is given by Eq. (3). With Re so selected, the flow
exhibits the signatures of a two-dimensional turbulent gravity
current, e.g., the appearance of Kelvin-Helmholtz billows
behind the gravity current head (Figs 3 and 11 of Härtel et al.
(2000), Fig. 7 of Sutherland et al. (2004b) and Fig. 2 of
Cheong et al. (2006)).

4 Comparison between experiments and numerical 
simulations

Figures 3, 4 and 5 show examples of simulation output. In
each case, the initial collapse and subsequent propagation of
a volume of intermediate density fluid is illustrated at three
instants in time. The initial acceleration phase occurs over a
relatively brief interval and the intrusion speed rapidly
approaches the time-independent value U (cf. Fig. 2b of Shin
et al. (2004)). Corresponding experimental images are pre-
sented (in false greyscale) adjacent to their numerical ana-
logues.

Consistent with the discussion in Section 3 which contrasts
two- and three-dimensional flow, a series of coherent, semi-
stable Kelvin-Helmholtz billows are observed in the simula-
tion output, most especially in Figs 3 and 4. The billow
amplitude is smaller than that anticipated in two-dimensional
simulations of full-depth lock release experiments because
partial-depth intrusions have a smaller horizontal pressure
gradient driving the flow. This in turn leads to lower propa-
gation velocities and smaller interfacial shear. The billows
shown in the simulation images of Figs 3 and 4 are not as evi-
dent in the respective laboratory images. It has been shown by
Ooi et al. (2007) that, over time, the accumulation of semi-
stable billows in the numerical images jeopardizes somewhat
the qualitative comparison with experiment. By contrast,
three-dimensional numerical algorithms do not suffer from
this deficit and can therefore produce more realistic output,
albeit at considerably higher computational expense (see, for
example, Fig. 2 of Ooi et al. (2007)). Nonetheless, because
the initial speed of propagation is set by the product of
reduced gravity and current height, U is insensitive to the
details of the mixing occurring behind the front. As such
Hartël et al. (2000), Cantero et al. (2007) and others have
argued that two-dimensional algorithms can reliably predict
the speed of a gravity current or intrusion, at least up until the
point of initial deceleration. To demonstrate that our algo-
rithm is similarly robust, consider Fig. 6: for the lock
exchange flow of Fig. 3, we present horizontal time series

showing the propagation of the intrusion front along the den-
sity interface as observed experimentally (stars) and numeri-
cally (closed circles). Encouraging agreement is observed
between these two data sets.

5 Theory
For the case of a partial-depth (Boussinseq) gravity current, it
was recently shown by Ungarish (2005, 2007) that the non-
dimensional front speed during the initial, constant velocity
phase of motion is well-approximated by

(8)

where h is the height of the front, D is the height of the grav-
ity current fluid at the back of the lock, g′ is the reduced grav-
ity based on the difference in density between the gravity
current and the ambient and the Froude number, Fr, is given
by the analysis of Benjamin (1968) as

(9)

Here a ≡ h/H, which is determined by solving

(10)

(Ungarish, 2007). Whereas Eq. (9) is derived by integrating
over the channel depth, H, Eq. (8) and Eq. (10) are idealized
in that their derivation neglects the momentum of the ambient
layer. The model prescribed by Eq. (8) to Eq. (10) is therefore
strictly valid only as D/H → ∞. Nonetheless, as remarked
upon by Ungarish (2007) in comparing the prediction of Eqs
(8) to (10) to published experimental and numerical results
‘the best agreements were obtained for [D/H >~ ½ where] the
model is expected to be least valid.’ It is therefore unlikely
that the added complications of applying a two- rather than 
a one-layer shallow water model are justified (Ungarish,
2007).

Equations (8) to (10) were derived for gravity currents
propagating along a rigid boundary, however, these results
can be adapted to predict the front speed of equilibrium intru-
sions (∈ = 0). When DU/HU = DL/HL, numerical simulations
suggest that the upper and lower halves of the intrusion are
gravitationally balanced so that the intrusion centre of mass
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TABLE 1. Numerical simulation parameters. In all cases, the channel
depth, H, is set to 20 cm. The non-dimensional density parame-
ter ∈ is defined by Eq. (1).

Simulation l Λ Nx Nz τ
type (cm) (cm) (s)

Validation 183 62 1024 128 16
∈ = 0 75 to 250 20 or 30 512 to 2048 128 10 to 75
∈ ≠ 0 150 to 250 20 or 30 1024 or 2048 128 10 to 65

U

g D

h

D′
= Fr ,

Fr =
−( ) −( )

+
2 1

1

a a

a
.

a
D

H
1

1

2

2

+






=Fr



neither rises nor falls once the lock gate is removed. As a
result, there is no deflection to the ambient interface, which 
is observed to remain flat as the intrusion advances. For 
DU/HU > DL/HL (DU/HU < DL/HL), the upper and lower
halves of the intrusion are not gravitationally balanced and a
long wave of negative (positive) amplitude is excited. As
described in Section 1, however, wave amplitudes, η, are

observed to be small. In Fig. 3 for example, we find that 
|η| <~ 0.09D. Thus to a good approximation, Benjamin’s front
condition remains an appropriate description of the flow. We
therefore write

(11)
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Fig. 3 Left panel: snapshots of the density field for a numerical simulation with (ρi – ρU)/(ρL – ρU) = ½, HU = ¼H, HL = ¾H, D = L = ½H at t̂ = 0,  t̂ = 7.4
and t̂ = 14.8. The non-dimensional time, t̂ , is defined by t̂ = t (g′LU D)1/2/D. Consistent with the data of Table 1, l = 183 cm. Right panel: digital pho-
tographs from the analogue laboratory experiment (false greyscale).
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where hU and hL denote, respectively, the intrusion depth in
the upper and lower layers and FrU and FrL are given by
Eq. (9) as respective functions of aU ≡ hU/HU and aL ≡ hL/HL
(Ungarish, personal communication, 2008). Because the two
parts of Eq. (11) consider disparate sides of the ambient inter-
face, the numerical predictions they offer are, in general, dif-
ferent. In fact, it can be shown that UU = UL if, and only if,
DU/HU = DL/HL in which case the upper and lower one-sided
gravity currents are (stretched) mirror images of one another.
(Of course, DU/HU = DL/HL is trivially satisfied when the
intermediate density fluid initially spans the entire channel
height.) Conversely, when DU/HU ≠ DL/HL, UU ≠ UL. In this
more general circumstance, it is helpful to define a non-
dimensional depth-weighted mean speed of propagation, U,
representative of the intrusion as a whole. Expressed in non-
dimensional terms, this speed is prescribed by

(12)

where (Ungarish, personal communication, 2008)

For non-equilibrium intrusions, interfacial waves are very
often larger than those exhibited in Fig. 3, particularly when
∈ is much different from zero. Although one could, in princi-
ple, adapt Benjamin’s equation to account for this deflection
of the interface, it has been demonstrated by Flynn and
Linden (2006) that the wave-modified front condition is alge-
braically unwieldy. Fortuitously, recent calculations by

Ungarish (personal communication, 2008) suggest that such
complications may be superfluous from a practical point of
view. Making comparisons with experimental and numerical
data published in Cheong et al. (2006), Ungarish found that a
shallow-water model coupled to a Benjamin (1968) front con-
dition can predict, with good accuracy, the front velocity of
non-equilibrium full-depth intrusions. It remains to be seen,
however, whether similar results apply to the myriad combi-
nations of layer depths and densities offered by partial-depth
releases. Such an assessment is deferred to future investiga-
tions.

6 Results and discussion
Figure 7 shows measured speeds of propagation (non-dimen-
sional) as a function of the geometric parameter (DU – DL)/D
whose range varies for different choices of HU, HL and D.
Experimental and numerical results are given, respectively,
by the crosses and open circles. Also shown in Figs 7a, 7b,
and 7c is a thick solid curve corresponding to the predicted
mean speed of Eq. (12). The agreement between theory and
observation is typically within the range of the representative
error bars shown in Fig. 7a. In general, the theoretical curve
overpredicts the propagation speed, as might be expected
given that the dissipative influence of viscosity is not includ-
ed in the shallow-water model of Section 5.

For gravity currents, volume conservation requires that the
constant speed regime cannot continue indefinitely: after
travelling some critical horizontal distance, (x–Λ)*/Λ, the
flow transitions to a self-similar buoyancy-inertia regime
wherein U ∝ t–1/3. As indicated by the shallow-water theory
and laboratory experiments of Rottman and Simpson (1983),
this critical distance is a monotonically increasing function of
the initial depth ratio and varies between approximately 3.5
and 10.5 lock-lengths (see Fig. 11 of their paper). In principle,
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similar constraints ought to apply to intrusions. However, in a
recent paper by Sutherland and Nault (2007), it is noted that
equilibrium intrusions in a rectilinear geometry can travel
beyond 22 lock-lengths without decelerating. Sutherland and
Nault (2007) argue that the intrusion generates a ‘leaky
closed-core’ solitary wave comprised of intermediate density
fluid. The authors remark that ‘once launched, the wave rather
than the [intrusion] dictates the [subsequent flow] evolution.’

Similar physical mechanisms appear to be in play for par-
tial-depth intrusions. Consider, for example, Fig. 8, which
shows snapshots of the density field for a numerical simula-
tion with ∈ = 0, D = ½H and DU/HU = DL/HL such that the
ambient interface remains flat. The intrusion head is seen to
‘break away’ from the remainder of the intermediate density
fluid when (x – Λ)/Λ –~ 3.5 and travel at constant speed beyond
11 lock-lengths. Very similar numerical output (not shown) is
noted when D is increased from ½H to ¾H. Significantly, for
initial depth ratios of ½ and ¾, corresponding, respectively,
to the symmetric initial conditions described above, the theo-
ry and experiments of Rottman and Simpson (1983) predict
that the flow will begin to decelerate once (x – Λ)/Λ –~ 5 and
8, respectively.

The numerical simulations described in the previous para-
graph consider doubly symmetric scenarios where ρi is the
arithmetic average of ρU and ρL and the upper and lower layer
depths are identical. Nonetheless, with ∈ = 0 and DU/HU =
DL/HL but ρi ≠ ½(ρU + ρL) and HU ≠ HL, one similarly
observes a constant speed of propagation over horizontal dis-
tances comparable to those reported in the previous para-
graph.

When ∈ ≠ 0, the critical horizontal length, (x – Λ)*/Λ, at
which transition to the self-similar regime occurs is typically
much shorter. This is illustrated, for example, by Fig. 9,
which considers similar conditions to Fig. 8; here, however,
D = ¾ H and the intrusion density has been decreased so that
∈ = –¼ . The difference in qualitative appearance to the equi-

librium case is striking. For t = 0+, the intermediate density
fluid has a net upward acceleration resulting in a downward
deflection to the ambient interface. Moreover, because of this
net upward acceleration, the backward-propagating return
flow below the interface travels more quickly than that above
the interface (in Fig. 8, these return flows travel at the same
speed). Therefore upon reflection of the upper and lower
return flows from the plane of symmetry located at x = 0, a
forward-propagating, large amplitude sinuous wave is gener-
ated, as is apparent in the first of the snapshot images shown
in Fig. 9. Once this wave overtakes the intrusion front when
(x – Λ)/Λ –~ 4.4, the intrusion begins to decelerate, as is evi-
dent from the corresponding time series of Fig. 9. Although
the front appears to be briefly accelerated by a trailing lee
wave when (x – Λ)/Λ –~ 5, a further deceleration of the front is
observed shortly thereafter. As |∈| is further increased, the
sinuous wave is of larger amplitude and phase speed and con-
sequently the intrusion begins to decelerate for smaller x. For
example, when ∈ = –7/20 , we find that  (x – Λ)*/Λ –~ 3.2.

Similar numerical results are observed in Fig. 10 where we
return to the configuration exhibited in Fig. 3. Here, ∈ = 0,
however, owing to the particular choice of initial conditions
(e.g., DU/HU = 1), a long wave of non-vanishing amplitude is
noted along the ambient interface together with a series of
sinuous waves in the lee. Owing to the relatively small ampli-
tude of these lee waves, it is, in contrast to Fig. 9, difficult to
determine from the snapshot images the exact point at which
they begin to overtake the intrusion front. Nonetheless, from
the corresponding time-series image, a deceleration of the
flow is apparent once (x – Λ)/Λ –~ 3.5. Interestingly, this
deceleration appears to be short-lived and the intrusion there-
after travels at near constant speed that is approximately 80%
of its initial speed of propagation. This is in contrast to the
trend exhibited by the time-series data from Fig. 9 where the
front is observed to decelerate for (x – Λ)/Λ >~ 6.5. Here we
reiterate one of the important conclusions from the recent
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study by Cantero et al. (2007) who found that, owing to vor-
tex coherence and interactions, two-dimensional numerical
algorithms of the type presented here may yield spurious pre-
dictions of the front position in the self-similar, but not con-
stant velocity, regime. As a result, further analysis is required
to determine whether the constant speed of propagation pre-
dicted in Fig. 10 for (x – Λ)/Λ >~ 4 is indeed a physically repro-
ducible phenomenon.

In Section 5 it was argued that non-equilibrium intrusions
will, in general, excite large amplitude interfacial waves,
which significantly complicate their analytical description.
Nonetheless, some preliminary qualitative remarks are in
order. To this end, Fig. 11 shows snapshots of the density
field at t̂ ≡ t (g′LU D)1/2 /D = 7.9 for a particular set of numer-
ical simulations. In all four images (ρi – ρU)/(ρL – ρU) = ¼, 
D = H/2 and L = 3H/8, however, the vertical location of the
interface (and consequently HU, HL and ∈) are different in
each case. Thus, in Fig. 11a, ∈ > 0, in Figs 11c and 11d, 
∈ < 0 and Fig. 11b shows the equilibrium intrusion (∈ = 0).
Figures 11a and 11d correspond, respectively, to the extreme
configurations HL = L (Fig. 2b) and HL = D + L (Fig. 2c).
Because (ρi – ρU)/(ρL – ρU) = ½, the initial conditions con-
sidered here are asymmetric, and we observe little difference
between U(HL = L) and U(HL = H*

L) (Figs 11a and 11b).
However, when HL > H*

L, observed intrusion speeds are
notably larger than U(HL = H*

L) resulting in larger interfacial
shear and more pronounced Kelvin-Helmholtz billows. In

particular, the intrusion of Fig. 11d travels more than twice as
fast as the equilibrium flow of Fig. 11 b.

These results are consistent with the predictions of a sim-
ple energy model that correlates the available potential ener-
gy, E, of the initial state to the kinetic energy of the intrusion
(Cheong et al., 2006). By this analysis, 

(13)

which shows that, for fixed ρU, ρL and ρi, E is a minimum
provided ∈ = 0, i.e., the available potential energy of an equi-
librium intrusion is less than or equal to the available poten-
tial energy for any corresponding non-equilibrium intrusion
with HL ≠ H*

L ≡ HL(∈ = 0). (In a similar fashion, the absolute
value of the hydrostatic force exerted on the lock gate is also
a minimum when ∈ = 0.) For the intrusions depicted, respec-
tively, in Figs 11a, 11b, 11c and 11d, it can be shown that the
available potential energy, E, scales as 1.3̄ : 1 : 1.75 : 4.

Even so, the use of an energy model in describing non-
equilibrium partial-depth intrusions is problematic for sever-
al reasons. Firstly, these models presume the intrusion speed
to be constant. Although this assumption is in good agree-
ment with experimental data at early times, energy models
cannot independently predict this behaviour, nor do they
anticipate the eventual transition to a self-similar regime.
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Fig. 8 Left panels: snapshots of the density field for a numerical simulation with (ρi – ρU)/(ρL – ρU) = ½, HU = HL = D = ½H, ∈ = 0 at  t̂ =12.4,  t̂ = 23.5 and
t̂ = 30.9 where   t̂ = (g′LU D)1/2/D. (Note: Only a portion of the numerical domain is shown.) Right panel: the corresponding time series of the front posi-
tion. Consistent with the discussion in Section 3, x = 0 corresponds to the back of the lock.
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Moreover, although energy models may be helpful in con-
trasting different experiments with identical channel depths,
their applicability becomes more ambiguous when H is vari-
able. To take a simple example raised by Ungarish (personal
communication, 2008), suppose that two experiments are run
with the same initial depth of intermediate density fluid but
different ambient depths. The available potential energy is the
same in both cases, yet observations show that the resulting
speeds of propagation may be quite different (Shin et al.,
2004; Ungarish, 2007), counter to the prediction offered by a
naive application of Eq. (13). In addition, and in contrast to
the full-depth lock release scenario considered by Cheong et
al. (2006) and Bolster et al. (2007), the energy model is here
restricted to qualitative predictions. To follow the methodol-
ogy of Cheong et al. and make quantitative estimates of the
intrusion speed, one requires, for arbitrary HU and HL, accu-
rate estimates of the intrusion speed for the limiting cases il-
lustrated schematically in Figs 2b and 2c. To the best of our
knowledge, these are not presently available. Finally, careful
examination of Eq. (13) shows that E is independent of the
intrusion density, ρi, when DU = DL. Correspondingly, one
might expect U to be approximately independent of ρi in this
special case, as has been verified for full-depth lock releases
by Cheong et al. (2006) (see Fig. 6 of their paper).
Interestingly, our simulations show this to be true only when
HU = HL so that DU/HH = DL/HL. When DU/HH ≠ DL/HL vari-

ations in the initial speed of propagation for different ρi of up
to 21% are observed from the simulation output. This sug-
gests the kinematic influence of either the upper or lower
return flow or an interfacial wave whose energetic contribu-
tion is not explicitly captured by relating E and U.

7 Conclusions
We have considered, via experiments and related two-dimen-
sional numerical simulations, the dynamics of ‘partial-depth’
intrusions whose initial non-dimensional depths in the upper
and lower layers are strictly less than unity. Emphasis is
placed on the early time evolution of the flow during which
the speed of propagation, U, is observed to be a constant.
When  ∈ (defined by Eq. (1)) equals zero, the intermediate
density fluid results from compact mixing across a stable den-
sity interface, i.e., mixing in the local vicinity of the interface
that does not extend through the entire channel depth.
Conversely when  ∈ ≠ 0, the active scalar (e.g., temperature)
is further concentrated or diluted (e.g., by latent heat effects).

By adapting a shallow water model appropriate to gravity
current flow (Ungarish, 2007), we have herein derived a
series of non-linear algebraic equations (given by Eqs (9),
(10) and (12)) to predict U. The derivation employs a
Benjamin (1968)-type front condition and therefore implicit-
ly assumes that the ambient interface is flat. Simulation
output (and the related studies of Sutherland et al. (2004a) and

430 / M. R. Flynn et al.

ATMOSPHERE-OCEAN 46 (4) 2008, 421–432 doi:10.3137/AO926.2008
La Société canadienne de météorologie et d’océanographie 

Fig. 9 Left panels: snapshots of the density field for a numerical simulation with (ρi – ρU)/(ρL – ρU) = ¼, HU = HL = ½H, D = ¾H, ∈ = –¼ at  t̂ =10.1,
t̂ = 19.2 and  t̂ = 25.3. Vertical arrows indicate the approximate location of the sinuous lee wave that ultimately overtakes the intrusion front. The off-
set vertical line in the time series image gives the initial speed of propagation. Numerical data are shown up to (x – Λ)/Λ ~> 7 beyond which it becomes
difficult to distinguish the intrusion from the (diffuse) ambient interface.
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Fig. 10 Left panels: snapshots of the density field for a numerical simulation with (ρi – ρU)/(ρL – ρU) = ½, HU = ¼H, HL = ¾H, D = ½H, ∈ = 0 at  t̂ =12.4, 
t̂ = 23.5 and  t̂ = 30.9. The offset vertical line in the time series image gives the initial speed of propagation.

Fig. 11 Snapshots of the density field for (ρi – ρU)/(ρL – ρU) = ¼, D = ½H, L = ⅜H and (a) HL = ⅜H, ∈ = ¼, (b) HL = HU = ½H, ∈ = 0, (c) HL = 11/16 H, HU
= 5/16 H, ∈ = –⅜, and (d) HL = ⅞H, HU = ⅛H, ∈ = –¾. In all cases, Λ = 3/2H = 30 cm. A reflection symmetry about the interface is not observed for
the equilibrium intrusion (b) because (ρi – ρU)/(ρL – ρU) ≠  ½. Here Λ = 30 cm and l = 150 cm.
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Cheong et al. (2006)) shows this to be a reasonable assump-
tion for the equilibrium condition, ∈ = 0: for the cases inves-
tigated herein, the deflection of the ambient interface is
always less than 10% of the initial depth of the intermediate
density fluid. Correspondingly, Fig. 7 shows good agreement
between the theoretical predictions of the shallow-water
model and the experimental and numerical data. Although
measured speeds typically fall below the theoretical curve,
this is to be expected because viscous dissipation is not mod-
elled explicitly. Conversely when ∈ ≠ 0, comparably larger
interfacial distortions are typically observed (see, for exam-
ple, Fig. 9) and the application of Benjamin’s front condition
is less rigorous. Observations indicate that an approximate
lower bound for U∈≠0 may be obtained from the speed of
propagation of the corresponding equilibrium flow with the
same ρi but different ambient interface height (see Fig. 11).

The simulation results shown in Figs 8 to 10 emphasize
that the duration of the constant velocity regime for intrusions
is closely connected to interfacial phenomena. When ∈ = 0
and DU/HU = DL/HL such that the ambient interface is flat, the
intrusion head eventually takes the form of a solitary wave
allowing the front to travel large distances without decelera-
tion (Sutherland et al., 2004a; Sutherland and Nault, 2007).
The constant velocity regime can therefore span a significant

horizontal expanse, particularly when the lock-length (such as
it may be defined in geophysical settings) is relatively long.
This in turn justifies the significant attention devoted to this
stage of motion, both here and in numerous related studies.
Conversely, when there is a non-trivial initial gravitational
adjustment on the part of the intermediate density fluid such
that the ambient interface is vertically deflected, the resulting
asymmetries preclude the excitation of the symmetric solitary
wave noted by Sutherland and Nault (2007). Because the ini-
tial vertical acceleration of the intermediate density fluid
increases with |∈| , one expects, by continuity, that the speed
of the return flow above (below) the ambient interface for 
∈ > 0 (∈ < 0) should similarly increase with ∈. This is indeed
observed and leads to a more rapid transition to the self-sim-
ilar regime than is predicted by shallow-water theory and a
much more rapid transition compared to the case where 
∈ = 0 and DU/HU = DL/HL.
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